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Abstract. We look at the question posed by Parker et al. about the effect of UV regularisa-
tion on the power spectrum for inflation. Focusing on the slow-roll k-inflation, we show that
up to second order in the Hubble and sound flow parameters, the adiabatic regularisation of
such model leads to no difference in the power spectrum apart from certain cases that violate
near scale-invariant power spectra. Furthermore, extending to non-minimal k-inflation, we
establish the equivalence of the subtraction terms in the adiabatic regularisation of the power
spectrum in Jordan and Einstein frames.
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1 Introduction
Cosmological inflation [1–4] is nowadays considered a paradigm explaining the homogeneity
and flatness problems associated with fine-tuning the initial conditions of the history of
the Universe. What comes after solving these problems are the issues of convergence of
theory and experiment, and also self-consistency of the theory. On the convergence side,
with improved accuracy in the CMB measurements, inflationary predictions need to be more
precise. Areas of consideration dealing with this involve calculating the power spectrum
beyond the first slow-roll approximation [5], loop corrections [6], etc. On the consistency
side, the areas of consideration may involve non-gaussianity [7], the tensor-to-scalar ratio
[8], and regularisation [9], among others. Owing to the absence of the explicit form of the
Lagrangian describing inflation, there are indeed a lot of things to investigate. In this paper,
on the side of consistency, we study the regularisation of the power spectrum in slow-roll
k-inflation. This is effectively an extension of the earlier work by Urakawa and Starobinsky
[10].
The issue of regularisation of the power spectrum has been debated in recent years [11]
where otherwise, a window or smearing function is introduced into the power spectrum to
obtain physical results [12]. The need for regularisation may arise from the consideration
of the two point function of cosmological perturbations. Consider for instance, the gauge-
invariant (scalar) perturbation R(η,x) [13] where η is the conformal time. We have〈R(η,x)R(η,y)〉 = ∫ dk
k
sin(k|x− y|)
k|x− y| ∆
2
R(k, η), (1.1)
where ∆2R(k, η) is the dimensionless power spectrum, hereinafter referred to as simply power
spectrum, and is related to the Fourier transform Rk(η) by the definition
∆2R(k, η) ≡
k3
2π2
|Rk(η)|2. (1.2)
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There is a similar expression for the tensor perturbations. Given the Mukhanov-Sasaki
equation (cf. (2.6)), the adiabatic condition tells us that ∆2R(k, η) scales as k
2 in the UV
limit. This implies that in the coincidence limit x → y, the two-point function given above
diverges. Such divergences are well known in quantum field theory with boundaries or on
curved backgrounds, (e.g., see [14]) and there is no dispute about this claim in the context of
cosmology. What has been some issue of contention is the treatment of this divergence and
its possible effect (if ever there would be) on the inflationary power spectrum for values of k
that are currently, observationally significant, as has been argued in [11]1.
One way to deal with the divergence of the two point function is to employ a method
involving the subtraction of the divergent parts. Such a process of subtraction by virtue of
(1.1), is correspondingly reflected on the power spectrum. In adiabatic regularisation [9, 16–
18], the method we use in this work, a systematic way of subtracting mode-by-mode is used to
regularised the power spectrum and end up with a finite two-point function in the coincidence
limit. This is in some ways similar to the the brute force approach to regularising the Casimir
effect by subtracting the mode sums for “no” plates from those modes with plates [19]. For
self-consistency, the subtraction terms have to be introduced not only for UV modes but for
all modes. As a consequence, the “frozen” long-wavelength modes might as well be affected
by the regularisation. As we shall see, under some assumptions, the original power spectrum
that we simply call the “bare” power spectrum is not affected at all.
Recently, a detailed discussion by Bastero-Gil et al. [20] has highlighted issues and
reviewed previous work by other authors, including that of Parker and coworkers [11, 21,
22]. They reviewed alternate approaches [23, 24] that modified the adiabatic regularisation
relevant to inflation by using a high momentum cutoff and it was argued [20] that this
approach is not appropriate as the cutoff modifies the standard energy equations for the
fixed background equations. They went further and suggested that the variance associated
with CMB temperature perturbations, Cl, depends on the temperature measured at two
different directions.2 In other words, there is no need to consider the coincidence limit,
x = y, in the power spectrum, cf. Eq. (1.1), and therefore the result is already finite.
In this article we take a pragmatic approach and assume that one may need to regularise
the power spectrum. Looking at (1.1), the coincidence limit is a mathematical possibility
that cannot simply be evaded by insisting that x 6= y for some physical circumstances.
Furthermore, when we consider interacting theories or for that matter the stress energy
tensor [18], then it would still be necessary. As we shall see, and in the same vein as Urakawa
and Starobinsky [10], for theories with near scale-invariant power spectra (as imposed by
experiment), the regularised power spectrum is equivalent to the bare one at late times. The
subtraction terms “wash out” during inflation. An important point here is that we let the
subtraction terms follow the time development, as in [10], as opposed to the original idea of
Parker [11].
The outline of this paper is as follows. In the next section, Sec. 2, we lay down the set up
for minimal and non-minimal k-inflation. Focusing on minimal k-inflation, we discuss in Sec.
3 the Mukhanov-Sasaki equation, express the effective potential in terms of the Hubble and
sound flow parameters, and write down the expression for the bare power spectrum. Then in
Sec. 4 we perform adiabatic regularisation of the power spectrum, analyse the behaviour of
the subtraction term, and discuss its effect on regularised power spectrum. In Sec. 5 we go
1Note that infrared (IR) divergences also appear in the massless de Sitter limit, but can be removed by
using a scale factor that evolves from say, a radiation to a de Sitter phase, e.g., see [15].
2Essentially the same idea was emphasised in [25] about six years earlier.
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back to non-minimal k-inflation, establish the connection between the relevant quantities in
the Jordan and Einstein frames, and demonstrate the equivalence of the subtraction terms
in both frames. Finally, in Sec. 6, we summarise our results and discuss the implication of
regularisation in connection to the observed power spectrum.
2 Set up: Minimal and Non-minimal k-inflation
2.1 Minimal k-inflation
In this work we are interested in the adiabatic regularisation of the power spectrum corre-
sponding to a generalised single-field inflation termed as k-inflation, whose action for the
inflaton field φ is an arbitrary function P (X,φ), where
X ≡ −1
2
∇µφ∇µφ. (2.1)
Denoting by R the Ricci scalar, the action can be written as
S =
1
2
∫ √−g d4x[M2PlR+ 2P (φ, X)]. (2.2)
For brevity, hereafter we take the Planck mass (squared) as unity; symbolically, M2Pl = 1.
When P = X−V (φ), where V (φ) is the inflaton potential, this action reduces to the canonical
case.
The conformally flat background spacetime corresponding to the action given above is
described by the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric. For the perturba-
tion about this background, we choose a gauge such that the inflaton fluctuation vanishes;
i.e., δφ = 0, and the metric can be written in terms of the ADM variables [26] with the
spatial part being specified by
gij = a
2(η)e2R
(
eγ
)
ij
, (∂iγij = γ
i
i = 0). (2.3)
Here, R is the curvature perturbation [13], γij is the transverse and traceless tensor pertur-
bation, a is the scale factor, and η is the conformal time defined in relation to the coordinate
time t as dη ≡ dt/a. Of the two perturbations, our main focus is on the curvature perturba-
tion.
The background equations of motion, namely, the Friedmann and continuity equations
read
3H2 = a2E,
E′ = −3H (E + P ) , (2.4)
where E is the energy density and H is the conformal Hubble parameter defined by H ≡ a′/a
with the prime denoting differentiation with respect to the conformal time3. In analogy with
the continuity equation in the case of canonical single-field inflation, the quantity P plays the
role of “pressure” and we will call it as such from hereon. With E being the 00-component
of the energy momentum tensor T µν , the pressure is further related to the energy density by
E = 2XP,X − P, (2.5)
3We denote differentiation with respect to the coordinate time t by an overdot.
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where P,X denotes the derivative of P with respect to X.
Upon decomposing the action with respect to R as S = S(0) + S(1) + S(2) + S(3) + · · · ,
(see for instance, [27]) one arrives at the equation of motion from the second order action
S(2).
v′′k +
(
k2c2s −
z′′
z
)
vk = 0. (2.6)
This is called the Mukhanov-Sasaki equation. In this equation, v is related to the curvature
perturbation by the definition v ≡ zR, where z2 ≡ 2a2ǫ/c2s , with ǫ being the (first) slow roll
parameter defined by ǫ ≡ −H˙/H2. The quantity cs defined as
c2s ≡
P,X
E,X
=
P,X
P,X + 2XP,XX
, (2.7)
is the “speed of sound” describing the speed of propagation of the scalar perturbations. In the
last equation above, the right hand side follows from (2.5). The stable solutions corresponding
to c2s > 0 require that P,X > 0 and 2XP,XX + P,X > 0 for the Hamiltonian to be bounded
from below and the field equations to be hyperbolic (see [28–30] for more details).
2.2 Non-minimal k-inflation
The action given by (2.2) can be further generalised to the case where the inflaton couples
to the background geometry. In such a case, instead of the coefficient one, R is multiplied
by a function of the inflaton field, f(φ). The resulting action given by
Snm =
1
2
∫ √−g d4x[f(φ)R+ 2P (φ, X)], (2.8)
describes the extention of the minimal k-inflation we have just have briefly discussed above
to non-minimal k-inflation.
The introduction of f(φ) can lead to difficulties in the calculation of relevant physical
quantities such as the n-point function of the scalar perturbations, power spectrum, spectral
tilt, etc. Regularisation, the main subject of this work, is likewise affected prompting us to
look for a simpler way to perform calculations. In search for such a simpler way, it would
be better if we could carry over the set up above for the minimal case. One way to do it,
and this is what we do here, is to transform the action above from the Jordan frame where
it is written, to the Einstein frame. In the Einstein frame, the action takes the form of the
minimal case (cf. (2.1)):
Snm =
1
2
∫ √
−ĝ dt̂ d3x[R̂+ 2P̂ (φ, X̂)]. (2.9)
In Section 5, we briefly review the main ideas covered in [31–33] needed to arrive at the form
of Snm given above and the relationship between the quantities with a hat in the Einstein
frame and the quantities without a hat in the Jordan-frame. At this point, the important
thing to note is that with the action written in the Einstein frame, all the equations written
above for the minimal case are carried over to the non-minimal case with all the quantities
involved replaced by their counterparts with a hat. It then remains for us to demonstrate
the trick of going from the Jordan frame to the Einstein frame in the calculation of the
subtraction terms needed to regularise the power spectrum in non-minimal k-inflation.
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3 The Bare Power Spectrum
The bare power spectrum involves the frozen modes Rk that exited the Hubble horizon
during inflation. They are the long-wavelength solutions of the Einstein equations; more
specifically, |kcs/aH| ≪ 1. The existence of constant mode solution in the long-wavelength
limit for single-field inflation is guaranteed by the Einstein field equations (see [34] for details).
To derive the bare power spectrum, we start with the Mukhanov-Sasaki equation given
by (2.6). This equation resembles the equation of motion for a parametric oscillator. The
product kcs corresponds to the angular frequency while z
′′/z can be identified as the effective
potential:
Us(η) =
z′′
z
. (3.1)
The right hand side of the equation for Us can be written in terms of the Hubble flow
parameters (ǫn) and sound flow parameters (δn) given by the recursive definitions [5], [35]
ǫn+1 ≡ d ln ǫn
dN
, ǫ0 ≡ Hi
H
, (3.2)
δn+1 ≡ d ln δn
dN
, δ0 ≡ cs,i
cs
. (3.3)
The quantity N is the number of e-folds (N ≡ ln a/ai) and the subscript i indicates an initial
value. Note that with the above definition for ǫn, ǫ1 is simply the first slow-roll parameter ǫ
mentioned in the previous section. On the other hand, δ1 corresponds to the relative rate of
change of the speed of sound. We can then rewrite the expression for the effective potential
as [5]
Us(η) = a
2H2
[
2− ǫ1 + 3
2
ǫ2 +
1
4
ǫ22 −
1
2
ǫ1ǫ2 +
1
2
ǫ2ǫ3 + (3− ǫ1 + ǫ2)δ1 + δ21 + δ1δ2
]
. (3.4)
The effective potential as we can see, is expressed up to second order in terms of the
Hubble and sound flow parameters. This exact form of Us brought about by the introduc-
tion of the Hubble and sound flow parameters, makes the Mukhanov-Sasaki equation above
amenable to semi-analytic approximations such as the uniform approximation [36], allowing
the calculation of the (bare) power spectrum to a high level of precision with respect to ǫn
and δn evaluated at horizon crossing or the so-called turning point [5]. Up to second order
with respect to the Hubble and sound flow parameters, the bare power spectrum can be
written as [37]
∆
2 (b)
R = c0
H¯2
8π2ǫ¯1c¯s
[
1 +
(
429
181
− ln 2
)
δ¯1 +
(
ln 4− 496
181
)
ǫ¯1 +
(
ln 2− 67
181
)
ǫ¯2
+
(
2095
1086
+
ln2 2
2
− 600 ln 8
1267
)
δ¯21 +
(
4865
1629
− π
2
24
+
ln2 2
2
− 429 ln 2
181
)
δ¯1δ¯2
+
(
811 ln 2
181
− 541
181
− 2 ln2 2
)
δ¯1ǫ¯1 +
(
293
181
+ 2 ln2 2− 315 ln 4
181
)
ǫ¯21
+
(
− 56
181
− ln2 2 + 315 ln 2
181
)
δ¯1ǫ¯2 +
(
π2
12
− 4231
1629
+ ln2 2 +
47 ln 2
181
)
ǫ¯1ǫ¯2
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+(
− 11
362
+
ln2 2
2
− 67 ln 2
181
)
ǫ¯22 +
(
π2
24
− 86
1629
− ln
2 2
2
+
67 ln 2
181
)
ǫ¯1ǫ¯3
]
, (3.5)
where the over bar indicates evaluation at the turning point,
kc¯s = − ν¯
η¯
, with ν2 ≡ 14 + η2Us(η), (3.6)
and c0 = 181/9e
3 ≃ 1.0013. For our purposes, we simply ignore the numerical error in c0
and take it as exactly unity. Evaluated at horizon crossing, kcs∗ = a∗H∗, the bare power
spectrum can be cast in the form
∆
2 (b)
R =
H2∗
8π2ǫ1∗cs∗
(1 + α1∗ + α2∗), (3.7)
where the label ‘*’ denotes evaluation at horizon crossing and α1∗ and α2∗ are first and second
order respectively, in terms of ǫ(n≤3)∗ and δ(n≤2)∗. They are given by [37]
α1∗ =
(
429
181
− ln 3
)
δ1∗ +
(
ln 9− 496
181
)
ǫ1∗ +
(
ln 3− 67
181
)
ǫ2∗
α2∗ =
(
457
362
+
ln2 3
2
− 248 ln 3
181
− 64 ln 2
1267
)
δ21∗ +
(
517
543
+ 2 ln2 3− 630 ln 3
181
)
ǫ21∗
+
(
π2
12
− 3688
1629
+ ln2 3 +
47 ln 3
181
)
ǫ1∗ǫ2∗ +
(
329
1086
+
ln2 3
2
− 67 ln 3
181
)
ǫ22∗
+
(
−π
2
24
+
4865
1629
+
ln2 3
2
− 429 ln 3
181
)
δ1∗δ2∗ +
(
−718
543
− 2 ln2 3 + 811 ln 3
181
)
δ1∗ǫ1∗
+
(
13
543
− ln2 3 + 315 ln 3
181
)
δ1∗ǫ2∗ +
(
π2
24
− 86
1629
− ln
2 3
2
+
67 ln 3
181
)
ǫ2∗ǫ3∗. (3.8)
We will use the expression for the bare power spectrum above later in the calculation of the
regularised power spectrum.
4 Adiabatic Regularisation of the Power Spectrum
4.1 Derivation of the Subtraction Terms
Let ∆
2 (b)
R and ∆
2 (s)
R be the bare power spectrum and the corresponding subtraction term
respectively. The regularised power spectrum ∆
2 (r)
R is then simply the difference of the two:
∆
2 (r)
R = ∆
2 (b)
R −∆2 (s)R . (4.1)
The calculation of the bare power spectrum through the relation ∆
2 (b)
R ∝ |v(b)k |2/z2 involves
solving the Mukhanov-Sasaki equation for v
(b)
k . Likewise, the calculation of the subtraction
term ∆
2 (s)
R , our main objective in this subsection, involves solving v
(s)
k that satisfies the
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Mukhanov-Sasaki equation to a certain desired adiabatic order. In adiabatic regularisation,
one assumes the adiabatic condition that
v
(s)
k ∼
1√
2ωk(η)
e−i
∫ η dη′ ωk(η′),
(
ω2k = k
2c2s
)
(4.2)
to lowest adiabatic order and considers the ansatz
v
(s)
k (η) ∼
1√
2Wk(η)
e−i
∫ η dη′ Wk(η′). (4.3)
Ommitting the subscript k for brevity, the quantity W satisfies the homogeneous differential
equation given by [9]
W 2 − 3
4
(
W ′
W
)2
+
1
2
W ′′
W
− Ω2 = 0, (4.4)
with Ω2 ≡ k2c2s − Us(η), reminiscent of the Mukhanov-Sasaki equation, and the effective
potential Us is given by (3.4). The process of solving (4.4) involves expandingW into a series
of terms ω(n) where the non-negative integer n denotes the adiabatic order. Symbolically,
one has
W = ω(0) + ω(1) + ω(2) + · · · , (4.5)
and (4.4) is solved order-by-order. As we can see, in adiabatic regularisation, the calcula-
tion of v
(s)
k and hence, of the subtraction term for the power spectrum, boils down to the
computation of ω(n).
It is rather tedious but straightforward to calculate ω(n) through the differential equation
(4.4). In this work, following the minimal subtraction scheme4, we go up to second adiabatic
order:
ω(0) = kcs, ω
(1) = 0,
ω(2) = −(aH)
2
kcs
(
1 + δε+ δcs
)
. (4.6)
In the last equation above,
δǫ ≡ 1
2
(
−ǫ1 + 3
2
ǫ2 +
1
4
ǫ22 −
1
2
ǫ1ǫ2 +
1
2
ǫ2ǫ3
)
δcs ≡ 1
8
δ1
(
10− 2ǫ1 + 4ǫ2 + 3δ1 + 2δ2
)
. (4.7)
Now, since v
(s)
k (η) is as given by the ansatz above namely (4.3), we see that we need to only
invert W = ω(0)+ω(2)+ · · · , to finally calculate ∆2 (s)R . It follows that in the large-scale limit,
specifically, when |kcs/aH| ≪ 1,
∆
2 (s)
R =
k3
2π2
∣∣∣vk
z
∣∣∣2 = k2
4π2z2cs
[
1 + (1 + δǫ+ δcs)
(
aH
kcs
)2]
,
4See [25] for a different point of view about using the minimal subtraction scheme.
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∆
2 (s)
R =
H2
8π2ǫ1cs
(1 + δǫ+ δcs) , (4.8)
The last equation above is our sought-for equation for the subtraction term in this subsection.
4.2 Behaviour of the Subtraction terms and the Power Spectrum
In this subsection, we analyse the behaviour of the subtraction term and its effect on the
power spectrum. The regularised power spectrum is given by (4.1). With the expressions for
∆
2 (b)
R and ∆
2 (s)
R given by (3.7) and the last of (4.8) respectively, in hand, we find
∆
2 (r)
R =
H2∗
8π2ǫ1∗cs∗
[
1 + α1∗ + α2∗ − (1 + δǫ+ δcs)
(
H
H∗
)2(ǫ1∗
ǫ1
)(
cs∗
cs
)]
. (4.9)
This expression involves Hubble and sound flow parameters up to second order. The presence
of cs reminds us of the more general k-inflation that includes the single-field canonical inflation
as a special case. The expression above for ∆
2 (r)
R generalises the result in [10] involving the
canonical single-field inflation. Indeed, when cs = 1, up to first order in terms of the Hubble
flow parameters, we have5
∆
2 (r)
R
∣∣∣∣
cs=1,O(ǫ)
=
H2∗
8π2ǫ1∗
[
1 + δε∗ − (1 + δε)
(
H
H∗
)2(ǫ1∗
ǫ1
)]
, (4.10)
where
δε∗ = (2ǫ1∗ + ǫ2∗)(2− ln 2− γE)− 2ǫ1∗,
δε = −1
2
ǫ1 +
3
4
ǫ2, (4.11)
with γE being the Euler-Mascheroni constant. Equation (4.10) is the same
6 equation for the
regularised power spectrum derived in [10].
Going back to the general expression for ∆
2 (r)
R given by (4.9), we focus on the last term
inside the pair of square brackets. For the second factor involving the Hubble parameter, we
see from the definitions of the first slow roll parameter (ǫ1 = ǫ ≡ −H˙/H2) and the number
of e-folds (dN ≡ d ln a) that(
H
H∗
)2
= exp
(
−2
∫ N
N∗
dN ′ ǫ1(N
′)
)
. (4.12)
For the third factor involving the first slow roll parameter (or the first Hubble flow-parameter),
we find from the definition of ǫ˙1 given by (3.2) that(
ǫ1
ǫ1∗
)
= exp
(∫ N
N∗
dN ′ ǫ2(N
′)
)
. (4.13)
5We ignore small numerical error in the expression for the bare power spectrum.
6The expression for the regularised power spectrum in [10] is effectively first order with respect to the
Hubble flow parameters even though the subtraction term is expressed up to second order in Hubble flow
parameters because the bare power spectrum is calculated only up to first order.
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It follows that in accord with the result in [10], when the speed of sound is constant, the
subtraction term is suppressed by a factor of(
H
H∗
)2(ǫ1∗
ǫ1
)
= exp
(
−
∫ N
N∗
dN ′ (2ǫ1 + ǫ2)
)
, (4.14)
and the bare power spectrum at horizon exit matches the regularised power spectrum at late
times.
The fourth factor in the second term inside the pair of square brackets in the equation
for ∆
2 (r)
R involves the speed of sound. In the simplest possible scenario where c
2
s 6= constant,
symmetry in the form of scale invariance requires that the relative change of the speed of
sound measured by ǫs defined as
7
ǫs ≡ 1
H
c˙s
cs
, (4.15)
be constant and “entangled” with the first slow-roll parameter. In particular8, ǫs = −2ǫ1 =
constant, corresponding to an expanding background with decreasing speed of sound [38].
We elevate this relation to the more general case where both ǫ1 and ǫs are functions of η
and add a small correction β describing deviation from that required by scale invariance.
Symbolically, we take
ǫs(η) = −2ǫ1(η) + β(η). (4.16)
Note that as shown in [38], when ǫ1, ǫs ≪ 1, that is, when we have a quasi-de Sitter back-
ground and nearly constant speed of sound, the equation above for ǫs leads to the usual slow
roll result for the spectral tilt derived in [29] namely, ns − 1 ≈ −2ǫ1 − ǫs − ǫ2.
The last equation above for ǫs together with its definition given by (4.15) yields
cs∗
cs
= exp
(
2
∫ N
N∗
dN ′ ǫ1(N
′)
)
exp
(
−
∫ N
N∗
dN ′ β(N ′)
)
. (4.17)
Upon multiplying (4.14) by (4.17), the exponential term involving ǫ1 in the expression for
cs∗/cs given above is cancelled. The regularised power spectrum then becomes
∆
2 (r)
R =
H2∗
8π2ǫ1∗cs∗
[
1 + α1∗ + α2∗ − (1 + δǫ+ δcs) exp
(
−
∫ N
N∗
dN ′ (ǫ2 + β)
)]
(4.18)
For an expanding universe, if on the average if not monotonically, ǫ1 increases with N then
ǫ2 = d ln ǫ1/dN is positive. With ǫ2 being a dominant term in the argument of the exponential
function above, it follows that the factor (1 + δǫ + δcs) is exponentially suppressed. As
the product (H
2
H∗
)2( ǫ1∗
ǫ1
)( cs∗
cs
) decays with N as the universe expands, the regularised power
spectrum given by (4.18) tends to the bare power spectrum.
Note that as pointed out above, scale invariance ties ǫs and ǫ1 together as ǫs = −2ǫ1 =
constant. The constant in the right hand side is not necessarily zero. When the speed of
7Needless to say, ǫs is nothing but the negative of the first sound flow parameter δ1. We choose to also use
the notation in [38] for emphasis.
8As pointed out in [38] there is another case wherein the power spectrum is scale-invariant namely, ǫs =
2
5
(3−2ǫ1), corresponding to a contracting universe with growing speed of sound. In this work, we do not deal
with contracting universe.
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sound is constant, this special relation from which we based (4.16) reduces to the trivial case
where ǫ1 = 0. If we insist that only ǫs can vanish independent of ǫ1, the quantity β cannot
just be a small correction about ǫs = −2ǫ1 which seems misleading if we are to stick near scale
invariance in the general case. This tells us that when the special case where c2s = constant
is considered, meaning that we are dealing with the canonical single-field inflation, one has
to go back to the more general relation given by (4.9) and take the limit as c2s → c2s∗, instead
of using (4.18). However, this turns (4.18) and (4.10) somewhat into two disjoint relations.
A resolution would be to have |β| < δb, where δb is nonnegative and second order in the
sound and Hubble flow parameters, so as to have a small deviation about the prescription
ǫs = −2ǫ1, but allow for the flexibility for (4.18) to converge to (4.10) in the limit that
ǫs → 0. In other words, we enlarge the range of β to −δb < β < 2ǫ1 to encompass the result
of [10]. With this new range, we have the same behaviour of the last term inside the pair of
square brackets in (4.18); that is, (1 + δǫ + δcs) is exponentially suppressed by a decaying
factor.
5 Frame Independence of the Subtraction Terms
Given the more complicated structure of the non-minimal k-inflation action, it is useful to
employ a conformal transformation to go to the Einstein frame. The equivalence of the bare
power spectra of non-minimal k-inflation for curvature perturbations in Jordan and Einstein
frames was explicitly shown in [31] (see also e.g., [39] for a detailed discussion of the case
where P = X − V but φ couples non-minimally to R). In relation to this, the issue of
equivalence for the regularised power spectra should also be checked. With this goal in mind
we briefly review the conformal properties of non-minimal k-inflation.
The FLRW background metric in the Einstein frame is given by
dŝ 2 = Ω2 ds2 = −dt̂ 2 + â2( t̂ )δijdxidxj , (5.1)
where dt̂ = Ωdt and the conformal scale factor is related to a(t) by â( t̂ ) = Ω
(
φ(t)
)
a(t).
Note that â( t̂ ) does not contain a fluctuation part. On the other hand, the perturbed metric
takes the form in accord with our chosen gauge mentioned in Sec. 3, that is, δφ = 0 and the
metric can be written in ADM decomposition as
dŝ 2 = −N̂2 d t̂ 2 + ĥij
(
dxi + N̂ i dt̂
)(
dxj + N̂ j dt̂
)
, (5.2)
with the spatial component being given by
ĥij = â
2( t̂ )eR̂
(
eγ̂
)
ij
,
(
∂iγ̂ij = γ̂
i
i = 0
)
. (5.3)
With the metric in hand, we can then proceed to rewrite the action in Jordan frame to
that in the Einstein frame. In the Jordan frame,
Snm =
1
2
∫
dtd3~x
√−g [f(φ)R+ 2P (φ, X)] . (5.4)
Using the conformal transformation properties of the Ricci scalar [40],[41],
R = Ω2
[
R̂+ 6̂ ln Ω− 6ĝµν(∂µ ln Ω)(∂ν ln Ω)
]
, (5.5)
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the action can be written as
Snm =
1
2
∫
dt̂ d3~x
√
−ĝ
Ω4
{
Ω2f(φ)
[
R̂+ 6̂ ln Ω− 6ĝ µν(∂µ ln Ω)(∂ν ln Ω)
]
+ 2P
}
. (5.6)
In order to arrive at the Einstein frame by making the coefficient of the scalar curvature
unity, we set Ω(φ) =
√
f(φ). Furthermore, we define
X̂ ≡ −1
2
ĝ µν∂µφ∂νφ =
1
Ω2
X ,
P̂ (φ, X̂) ≡ 1
Ω4
P (φ,X) − 3ĝ µν(∂µ ln Ω)(∂ν ln Ω)
=
1
Ω4
P (φ,X) +
6X̂
Ω2
(
dΩ
dφ
)2
. (5.7)
After integration by parts to eliminate ̂, the action becomes [31]
Snm =
1
2
∫
dt̂ d3~x
√
−ĝ
[
R̂+ 2P̂ (φ, X̂)
]
. (5.8)
This is our desired expression for the action in the Einstein frame—the one we advertised in
Sec. 2.2.
Let us now focus on the scalar perturbations and their two point correlation functions.
We know that the free vacuum and the “time-developed vacuum” in the interaction picture
are identical in both Einstein and Jordan frames [31]. Moreover, the curvature perturba-
tions are also identical (R̂ = R) [32, 33]. It follows that the equal-time bare cosmological
correlation functions and the bare power spectra in each frame are the same; symbolically,∣∣R̂(b)k (η)∣∣2 = ∣∣R(b)k (η)∣∣2,
∆̂
2(b)
R (k, η) = ∆
2(b)
R (k, η), (5.9)
where the label ‘(b)’ indicates bare and the conformal time in the left hand side for both
equations above is written without a hat because η̂ = η. Furthermore, we may expect
for physical reasons, that the equal-time regularised correlation functions computed in each
frame agree with each other. This implies that the corresponding subtraction terms for the
power spectrum are equal. Symbolically, we may expect∣∣R̂(s)k (η)∣∣2 = ∣∣R(s)k (η)∣∣2,
∆̂
2(s)
R (k, η) = ∆
2(s)
R (k, η), (5.10)
where the label ‘(s)’ corresponds to subtraction term.
That (5.10) holds at least in adiabatic regularisation can be shown through the following
argument. The action for non-minimal k-inflation can be written in the Einstein frame
(resembling the form of the minimal case) as we have just discussed above. Such an action
just like that of the minimal case can be expanded with respect to R̂ as Snm = S(0)nm +S(1)nm+
S
(2)
nm +S
(3)
nm + · · · . Term by term, S(n)nm taken from the action in Jordan frame is equal to S(n)nm
taken from the action in Einstein frame where n ≥ 0 (see [31] for an explicit calculation for
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n ≤ 3 ). Furthermore, the equations of motion derived from S(2)nm in Jordan and Einstein
frames are equivalent. In adiabatic regularisation, the curvature perturbation corresponding
to the subtraction term satisfies the Mukhanov-Sasaki equation to a certain desired adiabatic
order. Since R̂(s)k and R
(s)
k satisfy equivalent Mukhanov-Sasaki equations (one in the Einstein
and one in the Jordan frame) to the same certain desired adiabatic order and obey the same
boundary conditions, then they are one and the same and (5.10) holds.
Let us demonstrate this explicitly at least up to second adiabatic order. From the second
order action in the Einstein frame we arrive at the Mukhanov-Sasaki equation just like that
in the minimal case except that the quantities involved have a hat:
v̂′′k +
(
ĉs
2k2 − ẑ
′′
ẑ
)
v̂k = 0,
⇔
[
d
dt̂
(
â 3
ǫ̂1
ĉs2
d
dt̂
)
+ â ǫ̂1k
2
]
R̂k(η) = 0. (5.11)
The quantities with a hat such as ẑ are defined in terms of quantities in the Einstein frame:
R̂ ≡ v̂
ẑ
, ẑ ≡
√
2ǫ̂1 â
ĉs
, ĉs
2 ≡
P̂
,X̂
Ê
,X̂
=
P̂
,X̂
P̂
,X̂
+ 2X̂P̂
,X̂X̂
, ǫ̂1 = − 1
Ĥ2
dĤ
dt̂
, â = Ωa. (5.12)
We can calculate |R̂(s)k |2 for non-minimal k-inflation in the Einstein frame in the same way
as that in the minimal coupling model.
∣∣R̂(s)k (η)∣∣2 = 12kẑ 2ĉs
[
1 + (1 + δǫ̂+ δĉs)
(
âĤ
kĉs
)2]
∣∣R̂(s)k (η)∣∣2 = 12ẑ 2ĉsk
[
1 +
1
2ĉs2k2
ẑ ′′
ẑ
+
1
ĉs2k2
(
1
4
ĉs
′′
ĉs
− 3
8
ĉs
′2
ĉs2
)]
. (5.13)
On the other hand, the equation that the scalar perturbation obeys in the Jordan frame
was derived in [42]. The authors used the second-order action involving R (which is ζ in their
notation,) and arrived at the equation of motion that we rewrite using our own notation as
u′′k +
(
c2s,effk
2 − z
′′
eff
zeff
)
uk = 0, (5.14)
where uk ≡ Rk/zeff and cs,eff can be regarded as the effective sound speed. With appropriate
normalisation,
z2eff = 6e
2θ
(
H
θ˙
− 1
)2
+
2a2Σ
θ˙2
,
c2s,eff = −
2
z2eff
e2θ
(
H
θ˙
− 1 + θ¨
θ˙2
)
, (5.15)
where θ ≡ 12 ln fa2 = ln Ωa and Σ ≡ XP,X+2X2P,XX . Using (5.14), we can calculate |R̂
(s)
k |2
as before:
|R(s)k (η)|2 =
1
2z2effcs,effk
{
1 +
1
2c2s,effk
2
z′′eff
zeff
+
1
c2s,effk
2
[
1
4
c′′s,eff
cs,eff
− 3
8
(
c′s,eff
cs,eff
)2]}
. (5.16)
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Note that this has the same form as |R̂(s)k |2 (in the Einstein frame) given by the second of
(5.13).
It remains for us to establish the relationship between {uk, zeff, cs,eff} and {v̂k, ẑ, ĉs}.
To express ẑ and ĉs
2 in terms of θ, H, and Σ, use the definitions given by (5.12). Moreover,
define Σ̂ ≡ X̂P̂
,X̂
+ 2X̂2P̂
,X̂X̂
and use the Friedmann equation in the Einstein frame. We
have
ĉs
2 =
ǫ̂1Ĥ
2
Σ̂
, ẑ 2 =
2ǫ̂1â
2
ĉ2s
=
2â2Σ̂
Ĥ2
, (5.17)
where [31],
Σ̂ = e−4θa4
[
Σ+ 3e2θa−2
(
θ˙ −H
)2]
,
Ĥ = e−θaθ˙, ǫ̂1 = −
(
H
θ˙
− 1 + θ¨
θ˙2
)
. (5.18)
Upon performing substitution into (5.17) we find
ẑ 2 =
(
eθ
)2
θ˙2e−4θa2
[
6e2θ
(
H
θ˙
− 1
)2
+
2a2Σ
θ˙2
](
e−θaθ˙
)−2
(5.19)
ĉs
2 = −
(
H
θ˙
− 1 + θ¨
θ˙2
)
· 2e2θ
[
6e2θ
(
H
θ˙
− 1
)2
+
2a2Σ
θ˙2
]−1
= − 2
z2eff
e2θ
(
H
θ˙
− 1 + θ¨
θ˙2
)
(5.20)
It follows from (5.15) that ĉs = cs,eff, ẑ = zeff, and we can identify uk = v̂k. This implies
that R̂(s)k (η) = R(s)k (η), which in turn, means that the subtraction terms in both the Einstein
and Jordan frame are identical at least up to second adiabatic order; that is, ∆̂
2(s)
R (k, η) =
∆
2(s)
R (k, η). Hence, we get the same result for the regularised power spectrum.
It is enough that we have demonstrated the equivalence of the subtraction terms in the
Jordan and Einstein frames. Our aim is simply to put forward a simple way to carry out
adiabatic regularisation for the non-minimal coupling case by performing the calculation in
the Einstein frame. In the minimal case, we went beyond this to look into the behaviour of the
subtraction term under some simplifying assumptions. Owing to the complicated structure
and wide possibilities involved in the non-minimal coupling case, we leave the analysis of the
behaviour of the subtraction term and the regularised power spectrum for future studies.
6 Concluding Remarks
In this article we have extended the work of Urakawa and Starobinsky [10] to the case where
the speed of sound is varying. In particular, we have studied the adiabatic regularisation of
the power spectrum in minimal slow-roll k-inflation. We found out that up to second order
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in the sound and Hubble flow parameters, the adiabatic regularisation of such model leads
to no difference in the bare power spectrum apart from certain cases that violate near scale
invariant power spectra. In such cases, the relative speed of sound may vary well beyond the
condition of scale invariance namely, ǫs = −2ǫ1 = constant.
In perspective, by following the subtraction terms long enough after horizon crossing,
we ended up with simply the bare power spectrum. One starts with quantum perturbations
corresponding to the bare power spectrum and the subtraction terms that are also quantum in
nature. After the first horizon crossing, the former freezes and becomes indistinguishable from
classical perturbations while the latter decays. As the continuing expansion of the Universe
turns the modes to the frozen superhorizon modes, it also washes out the subtraction terms;
the regularised power spectrum tends to the bare power spectrum. This tells us that UV
regulators mainly affect small scale quantum fluctuations. The scalar modes stretched by
inflation well beyond the Hubble horizon that gave birth to the large-scale structures such
as galaxies and clusters of galaxies that we observe today, possibly carry no imprint of such
a UV regularisation.
We have also explored the adiabatic regularisation of the power spectrum for non-
minimal k-inflation. The extension from the minimal to the non-minimal case poses com-
plications due to the coupling of the inflaton field with the background geometry. Inspired
by earlier work [31] on the equivalence of the calculations of the bare power spectrum in the
Jordan and Einstein frames, we looked into the possibility of extending that equivalence for
the subtraction terms obtained via adiabatic regularisation. In this work, we have shown the
formal equivalence of the subtraction terms in the Jordan and Einstein frames; hence, we
can choose to work in the Einstein frame where calculations are carried out just like for that
of the minimal case.
Looking ahead, this work connects to many areas of concern that are worthy of future
investigation. The mechanism of classicalisation for instance, is still under active considera-
tion; eg., see [43–48]. It is tempting to ponder that the “washing out” of subtraction terms
during inflation might be related to classicalisation. Furthermore, for free theories, like what
we have considered here, the adiabatic regularisation of the energy-momentum tensor and
two-point function has been shown to be equivalent to a renormalisation of the action, e.g.,
see [18, 49]; however, this is unclear for interacting theories. Hence it would be interesting to
look at interacting theories, the accompanying loop corrections, and the possible interplay of
adiabatic regularisation and other renormalisation/regularisation schemes for the calculation
of the physical power spectrum (see for instance, [50], for a preliminary study along this line
but dealing with the energy-momentum tensor). In the case of matter interactions we could
also look at how adiabatic regularisation affects the reheating process for the generation of
matter and the reheating temperature. As we mentioned, inflation tends to “wash out” the
subtraction terms, but this may not be the case for matter fields coupled to the inflaton
during reheating, post-inflation.
Acknowledgments
We would like to thank members of the High Energy Theory group, Osaka University; in
particular we have benefited from useful discussions with Nobuhiko Misumi, Kin-ya Oda,
and Yutaka Hosotani.
– 14 –
References
[1] A. A. Starobinsky, JETP Lett. 30 (1979) 682 [Pisma Zh. Eksp. Teor. Fiz. 30 (1979) 719].
[2] A. H. Guth, Phys. Rev. D 23 (1981) 347.
[3] A. R. Liddle, D. H. Lyth, “The primordial density perturbation: Cosmology, inflation and the
origin of structure,” NY, USA: Cambridge Univ. Pr. (2009) 516 p.
[4] J. Martin, C. Ringeval and V. Vennin, Phys. Dark Univ. (2014) [arXiv:1303.3787
[astro-ph.CO]].
[5] J. Martin, C. Ringeval and V. Vennin, JCAP 1306 (2013) 021 [arXiv:1303.2120 [astro-ph.CO]].
[6] N. Bartolo, E. Dimastrogiovanni and A. Vallinotto, JCAP 1011 (2010) 003 [arXiv:1006.0196
[astro-ph.CO]].
[7] J. M. Maldacena, JHEP 0305, (2003) 013 [astro-ph/0210603].
[8] W. H. Kinney, Phys. Rev. D 58, 123506 (1998) [astro-ph/9806259].
[9] L. Parker, D. J. Toms “Quantum Field Theory in Curved Spacetime,” Cambridge, UK: Univ.
Pr. (2009) 472 p.
[10] Y. Urakawa and A. A. Starobinsky, Proc. 19th Workshop in General Relativity and
Gravitation in Japan (JGRG19), Tokyo, Japan, pp. 367-371
[http://www2.rikkyo.ac.jp/web/jgrg19/Proceedings/pdf/O25.pdf].
[11] L. Parker, hep-th/0702216 [HEP-TH].
[12] A. R. Liddle and D. H. Lyth, “Cosmological inflation and large scale structure,” Cambridge,
UK: Univ. Pr. (2000) 400 p.
[13] J. M. Bardeen, P. J. Steinhardt, and M. S. Turner, Phys. Rev. D28 (1983) 679.
[14] S. A. Fulling, “Aspects of Quantum Field Theory in Curved Space-time,” London Math. Soc.
Student Texts 17 (1989) 1.
[15] A. Vilenkin and L. H. Ford, Phys. Rev. D 26 (1982) 1231.
[16] L. Parker and S. A. Fulling, Phys. Rev. D 9 (1974) 341 .
[17] S. A. Fulling, L. Parker and B. L. Hu, Phys. Rev. D 10 (1974) 3905 .
[18] T. S. Bunch, J. Phys. A 13 (1980) 1297 .
[19] K. A. Milton, “The Casimir effect: Physical manifestations of zero point energy,”
hep-th/9901011.
[20] M. Bastero-Gil, A. Berera, N. Mahajan and R. Rangarajan, Phys. Rev. D 87 (2013) 8, 087302
[arXiv:1302.2995 [astro-ph.CO]].
[21] I. Agullo, J. Navarro-Salas, G. J. Olmo and L. Parker, Phys. Rev. Lett. 103 (2009) 061301
[arXiv:0901.0439 [astro-ph.CO]].
[22] I. Agullo, J. Navarro-Salas, G. J. Olmo and L. Parker, Phys. Rev. D 81 (2010) 043514
[arXiv:0911.0961 [hep-th]].
[23] R. Durrer, G. Marozzi and M. Rinaldi, Phys. Rev. D 80 (2009) 065024 [arXiv:0906.4772
[astro-ph.CO]].
[24] G. Marozzi, M. Rinaldi and R. Durrer, Phys. Rev. D 83, (2011) 105017 [arXiv:1102.2206
[astro-ph.CO]].
[25] F. Finelli, G. Marozzi, G. P. Vacca and G. Venturi, Phys. Rev. D 76 (2007) 103528
[arXiv:0707.1416 [hep-th]].
[26] R. L. Arnowitt, S. Deser and C. W. Misner, Phys. Rev. 116, (1959) 1322.
– 15 –
[27] X. Chen, Adv. Astron. 2010, (2010) 638979 [arXiv:1002.1416 [astro-ph.CO]].
[28] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458 (1999) 209
[arXiv:hep-th/9904075].
[29] J. Garriga and V. F. Mukhanov, Phys. Lett. B 458 (1999) 219 [arXiv:hep-th/9904176].
[30] J. P. Bruneton, Phys. Rev. D 75, (2007) 085013 [gr-qc/0607055].
[31] T. Kubota, N. Misumi, W. Naylor and N. Okuda, JCAP 1202 (2012) 034 [arXiv:1112.5233
[gr-qc]].
[32] T. Chiba and M. Yamaguchi, JCAP 0810, (2008) 021 [arXiv:0807.4965 [astro-ph]].
[33] J. O. Gong, J. c. Hwang, W. I. Park, M. Sasaki and Y. S. Song, JCAP 1109 (2011) 023
[arXiv:1107.1840 [gr-qc]].
[34] S. Weinberg, Phys. Rev. D 67, (2003) 123504 [astro-ph/0302326].
[35] D. J. Schwarz, C. A. Terrero-Escalante and A. A. Garcia, Phys. Lett. B 517, (2001) 243
[astro-ph/0106020].
[36] F. W. J. Olver, “Asymptotics and Special Functions,” AK Peters, USA: (1997) 547p.
[37] T. Zhu, A. Wang, G. Cleaver, K. Kirsten and Q. Sheng, Phys. Rev. D 90, no. 10, (2014)
103517 [arXiv:1407.8011 [astro-ph.CO]].
[38] J. Khoury and F. Piazza, JCAP 0907, (2009) 026 [arXiv:0811.3633 [hep-th]].
[39] N. Makino and M. Sasaki, Prog. Theor. Phys. 86 (1991) 103.
[40] Y. Fujii and K. Maeda, “The scalar-tensor theory of gravitation,” Cambridge, USA: Univ. Pr.
(2003) 240 p.
[41] R. M. Wald, “General Relativity,” USA: The Univ. of Chicago Pr. (1984) 491p.
[42] T. Qiu and K.-C. Yang, Phys. Rev. D 83 (2011) 084022 [arXiv:1012.1697 [hep-th]].
[43] A. A. Starobinsky and J. Yokoyama, Phys. Rev. D 50 (1994) 6357 [astro-ph/9407016].
[44] J. Martin and M. Musso, Phys. Rev. D 73 (2006) 043516 [hep-th/0511214].
[45] J. Martin, J. Phys. Conf. Ser. 405 (2012) 012004 [arXiv:1209.3092 [hep-th]].
[46] J. Martin, V. Vennin and P. Peter, Phys. Rev. D 86 (2012) 103524 [arXiv:1207.2086 [hep-th]].
[47] C. P. Burgess, R. Holman, G. Tasinato and M. Williams, arXiv:1408.5002 [hep-th].
[48] E. A. Lim, arXiv:1410.5508 [hep-th].
[49] J. Haro, Theor. Math. Phys. 165 (2010) 1490.
[50] T. Markkanen and A. Tranberg, JCAP 1308 (2013) 045 [arXiv:1303.0180 [hep-th]].
16
